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Here the set of natural numbers {1, 2, 3, . . .} is denoted by N and the set of real numbers is
denoted by R.

1. Let S be a non-empty finite set and let g : S → S be a function. Show that there exists
x ∈ S and n ∈ N such that

gn(x) = x,

where gn = g ◦ g ◦ · · · ◦ g (n times ). [15]

2. Prove or disprove the claim that f : N× N→ N, defined by

f(m,n) = 2m−1(2n− 1),

is a bijection. [15]

3. Show that given any two numbers x, y ∈ R with x < y there exists a rational number r such
that x < r < y. [15]

4. Let {bn}n≥1 be a sequence of non-zero real numbers converging to a non-zero real number c.
Show that the sequence { 1

bn
}n≥1 converges to 1

c . [15]

5. Define lim inf and lim sup of bounded sequences. Show that a bounded sequence {xn}n≥1 is
convergent if and only if

lim inf
n→∞

xn = lim sup
n→∞

xn.

[15]

6. Show that a series of real numbers
∑∞

n=1 an is convergent if
∑∞

n=1 |an| is convergent and the
converse is not true. [15]

7. Let z be the real number with binary expansion:

z = 0.b1b2b3 . . . ,

where bk = 1 if k = 3n + 1 for some natural number n, and bk = 0 otherwise. Compute the
decimal expansion of z. [15]
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